Spectral and transport properties of one-dimensional nanoring superlattice 
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Spectral properties of periodic one-dimensional array of nanorings in a magnetic field are investi- 
gated. Two types of the superlattice are considered. In the first one, rings are connected by short 
one-dimensional wires while in the second one rings have immediate contacts between each other. 
The dependence of the electron energy on the quasimomentum is obtained from the Schrodinger 
equation for the Bloch wave function. We have found an interesting feature of the system, namely, 
presence of discrete energy levels in the spectrum. The levels can be located in the gaps or in the 
bands depending on parameters of the system. The levels correspond to bound states and elec- 
trons occupying these levels are located on individual rings or couples of neighboring rings and do 
not contribute to the charge transport. The wave function for the bound states corresponding to 
the discrete levels is obtained. Modification of electron energy spectrum with variation of system 
parameters is discussed. 

PACS numbers: 73.21. Cd, 73.23.Ad 
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1. INTRODUCTION 

The electron transport in various one-dimensional se- 
rial structures attracts considerable attention in the last 
few years. In particular, transmission properties of mul- 
tiply connected stubsi~— , quantum dots£~— and quan- 



tum rings 



have been studied theoretically. The in- 



terest to the systems is stipulated by the possibility to 
tune the resistance in a very wide range by application 
of electric or magnetic field and the possibility to ob- 
tain specific transport properties of the system by vari- 
ation of its geometry. The superlattice made of nanor- 
ings is of particular interest because the quantum ring 
is one of the simplest systems which exhibits quantum 
interference phenomenal— such as Aharonov-Bohm 
oscillations^— and Fano resonance o 29 i 30 . A number 
of experimental studies have shown that quantum inter- 
ference effects can be observed at individual quantum 
rings 3 ^— and two-dimensional array o 38 i 39 of rings. 

Theoretical investigations of chains containing finite 
number of elements^— have shown that the conduc- 
tance of the system demonstrates the miniband struc- 
ture of the electron energy spectrum even at a few rings 
in the chain. That means the dependence of conductance 
on Fermi energy exhibits a series of almost rectangular 
up-and-down steps corresponding to bands and gaps in 
the spectrum. Finite number of elements in the structure 
leads to appearance of oscillations at the bounds of the 
steps. The increase of this number makes the form of the 
conductance closer to the ideal rectangular pattern. 

The most of studies of electron transport in arrays of 
quantum rings are based on the scattering matrix ap- 
proach. This approach is useful due to its universality. 
However it does not allow to reveal some interesting fea- 
tures of the electron energy spectrum. In particular, the 
existence of discrete energy levels^ in the band gap is 
not detected by the approach since those levels do not 
contribute to the electron transport. 

The purpose of the present work is the investigation 
of the electron energy spectrum and the conductance of 




FIG. 1: Scheme of the superlattice. 

an infinite periodic one-dimensional structure made of 
Aharonov-Bohm rings. We have considered two variants 
of the system. The first one consists of rings of radius p 
connected by one-dimensional wires of length a (Fig. [I]). 
In the second variant, rings have immediate point con- 
tacts between each other. In both variants, angles defin- 
ing the points of contacts are denoted by <p\ and tp2 ■ 
Through the paper we use polar angle ip 6 [0, 2n). With- 
out loss of generality we can take p\ = 0. 

2. DISPERSION RELATION 

Each point in the structure is characterized by the 
cell number j and continuous coordinates £ in the cell, 
namely £ = ip in the ring and £ = x in the connecting 
wire. We denote the electron Hamiltonian of the ring by 
H t 

H x = 



d_ 

2m* p 2 \ dip 



(1) 

where m* is the electron effective mass, $ = irp 2 B is 
the magnetic flux through the ring and <J>o = 2Trhc/e is 
the magnetic flux quantum. The Hamiltonian H w of the 
electron in the wire has the form 

h 2 d 2 

H ™ = ~T, — Za~2' ( 2 ) 

2m* ox z 

In the further analysis we need the eigenvalues of the 
Hamiltonian H r 

V2 



e (m + rf) 



(3) 



2 



where e = h 2 /2m*p 2 and rj — Q/Qq. 

According to the Bloch theorem the wave function 
should satisfy the condition 



(4) 



where V 3 '(£) ^ s the wave function in j-th cell, £ is the 
period of the structure and q is the quasimomentum. We 
denote the wave functions on the ring and on the wire by 
ip^(ip) and iplrix) respectively. 

The contact between the rings and the wires is defined 
by linear boundary conditions for the wave function and 
its derivative. The general form of the boundary con- 
ditions can be obtained from the current conservation 
law22r— . We will restrict ourself by the case of continues 
wave function that corresponds to equal effective width 
of rings and connecting wires. 

The condition of continuity can be written in the fol- 
lowing form 



Vi(o) 



(5) 
(6) 



The current conservation law requires that the sum of 
wave function derivatives calculated in the outgoing di- 
rection from the contact was proportional to the value of 
the wave function at the contact point 

+ 0) - tffa - 0) + pV4(0) = «i$fo>i),(7) 

v^ +i (^ 2 + o) - v: j+l (^2 - o) - pc'w 

= v 2 i>i +1 (w), (8) 

where ip' w is the derivative of if> w on x and ip' T is the deriva- 
tive of V>r on angle ip. As follows from Eqs. ([7]) and 
© each contact is described by one real dimensionless 
parameter vj that determines the strength of the point 
perturbation in the contact. Positive Vj corresponds to 
repulsive potential (barrier) in the contact and negative 
value is responsible for attractive potential (well) . In the 
present paper, we will restrict ourself by the case of iden- 
tical contacts v\ = v 2 — v. 

To obtain the energy spectrum of the system we con- 
struct a solution of the Schrodinger equation in each part 
of the elementary cell and then glue the wave function at 
contact points using the Bloch theorem and boundary 
conditions. It is obvious that the wave function in the 
wire is the superposition of propagating waves 



ipi(x,E) = a{(E)e lkx + a 3 2 (E)e 



- ikx 



(9) 



where a\ and a 2 ar e some coefficients and k = 
V2m*E/H. 

Since the contacts create point perturbations for 
the electron motion on the ring the solution of the 
Schrodinger equation can be found with the help of the 
zero-range potential theor y 40 ' 41 that was effectively used 
before for investigation of various nanosystems with point 
contacts 4 ^—. According to this theory the electron wave 
function on the ring for E ^ E m can be represented in 



terms of the Green function G(ip, ipi; E) of the Hamilto- 
nian H T 

i4(<p, E) = p((E)G(<p, tpnE)+ 4(E)G(<p, <p 2 ;E), (10) 

where /3 3 and (3 2 are some coefficients. The Green func- 
tion of the Hamiltonian H r is well-known 23 



exp (i((fi -tp± 7r)(?7 - kp)) 



2h 2 k 
exp (i(ipi 



sin7r(77 — kp) 
ip ± 7r)(?7 + kp)) 



sin7r(?7 + kp) 



(11) 



where "plus" sign corresponds to ip > tf i and "minus" 
sign should be used otherwise. 

We note that if electron energy coincides with an eigen- 
value E m of the Hamiltonian H T then there is another 
solution of the Schrodinger equation. The wave function 
may be represented in this case by the following equation 



TPi(<p,E m )=rie im v 



(12) 



The existence of this solution leads to appearance of an 
interesting phenomenon, namely the discrete levels in the 
band structure. 

Applying conditions JS|) - (JSJ to the wave function 
given by Eqs. © and (fTU|). we obtain the system of four 
equations for the coefficients a\ and f3f (i = 1,2). Exis- 
tence of a nontrivial solution for this system leads to the 
following equation for energy 



2kp(Q 2 ie iql + Q 12 e~ tql ) - 2kp[vdet Q + tr Q] cos(A:a) 



-iql 



[det Q (k 2 p 2 - v 2 ) - 2v tr Q - 4] sin(fca) = 0, 



(13) 



where Qij(E) = ^-G(ipi, ipj , E) is the so-called Krein's 
Q-matrb i 40 ' 47 , det Q and tr Q are the determinant and 
the trace of Q-matrix respectively. We note that Eq. p^|) 
is valid only for the system with one ring in the elemen- 
tary cell. In particular, this equation describes the super- 
lattice made of rings with diametrically opposite contacts 
at arbitrary magnetic field or the system with arbitrary 
positions of contacts at zero magnetic field. 



3. RINGS WITH IMMEDIATE CONTACTS 

We will start our analysis from the supperlattice con- 
structed of the rings with immediate contacts between 
each other (a = 0). The boundary conditions in this case 
may be represented as follows 

^M=ii4 +1 (<pi), (i4) 

1 p'J( l p 1 +0)-^( l p 1 -0) 

+^ +1 &2 + 0) - ^' +1 (^2 - 0) = v 8 rl4(<p 2 ), (15) 

where v s — v% +v 2 - The dispersion relation (|13[) acquires 
the form 



v s dctQ + 2trQ - 2{Q 21 e^ 1 + Qx^ 1 ) = 0. (16) 
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We note that Eq. (|16|) is valid either for the superlattice 
with diametrically opposite contacts in arbitrary mag- 
netic field or for the zig-zag superlattice with arbitrary 
contact position in the zero magnetic field. The general 
case of zig-zag superlattice in arbitrary magnetic field is 
considered in the next section. 

The dependence of the electron energy on the quasi- 
momentum for the simplest case of diametrically oppo- 
site contacts (<f2 = tt) and zero magnetic field (<£> = 0) 
is represented in Fig. [2ja) . Energy bands are shown on 
the right hand side of the figure by hatched bars. We 
note that straight chain of nanorings without external 
magnetic field has been considered earlier— by P. Duclos 
and coauthors. However, for convenience of reader, we 
present here the results concerning this case. The disper- 
sion relation (|16l) for this conditions may be written in 
the following simple form 

v s sin(7r/cp) + 4fcp[cos(7rfcp) — cos(ql)] = 0. (17) 

The similar equation was obtained in Ref. I22I . 
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FIG. 2: (Color online) (a) Dependence of electron energy on 
quasi-momentum in the first Brillouin zone at a — 0, v s — 5, 
$ = 0, ip2 — tfii = 7r. Minibands are shown at right side of the 
figure by hatched bars, (b) Zero-temperature conductance 
corresponding to the spectrum (a) as a function of chemical 
potential. 

One can see that the energy spectrum has band 
structure without band crossings. According to the 
Landaucr-Buttikcr formalism the dependence of the zero- 
temperature conductance on chemical potential repli- 
cates the electron energy band structure (Fig. [2jb)). 
Since there is no band crossings in the system the con- 
ductance does not exceed one conductance quantum. 

An interesting feature of the system is presence of dis- 
crete levels at values E m at the edge of the energy band 
(Fig. H[a)). To study the appearance of these levels we 
consider the spectrum of the Hamiltonian H r . We note 
that the energy levels E m of isolated ring are double de- 
generated at m 7^ and the general form of the eigenfunc- 
tion is given by Eq. (TT^I) . The degeneration degree in the 
set of N independent rings is equal to 2N. Presence of 




-1.0 -0.5 0.0 0.5 1.0 

ql/n 



-1.0 -0.5 0.0 0.5 1.0 

ql/n 



FIG. 3: (Color online) Dependence of electron energy on 
quasi-momentum at a = 0, # = 0, (a) v s — 0, <^2 — = tt, 
(b) v s = 10, ip 2 - <pi = 0.95tt. 



contacts between the rings can remove the degeneration 
partially or completely. Namely, at diametrically oppo- 
site contacts (if 2 — ^) one half of states is transformed 
into an energy band while the other half is conserved as 
a discrete level at E m = em 2 . Such levels correspond to 
localized electrons which are not involved in the charge 
transfer process. The electron wave function for this level 
vanishes at both contact points and electrons are confined 
on individual rings. In contrast to the bound states in 
continuum stipulated by a single defect or adato m 48 i 49 
the states in the superlattice of quantum rings are highly 
degenerated (the degeneration degree is infinite in the 
strictly periodic system). 

Let us assume that the electron is confined on the n-th 
ring. Then the wave function corresponding to this state 
has the form 



JjS'm(mip), j = n, 
0, j £ n. 



(18) 



Of course, any linear combination of the functions given 
by Eq. (jT5J) corresponds to the same energy. Therefore 
the degeneration degree of level E m is equal to the num- 
ber of rings in the system. Actually the level E m exists 
in the spectrum if if% = Iw/n, where n is an integer divi- 
sor of m and I is an arbitrary integer number. It is easy 
to construct a linear combination of the Bloch type from 
the functions given by Eq. (I18[) . This linear combination 
might scam to correspond to delocalized electrons since 
the probability of finding the particle on a given ring is 
equal for all rings. However, the electron velocity cor- 
responding to such a wave function is zero because the 
energy is independent of quasimomentum. 

If rj = and tp% = 7r then the level E m is located 
exactly at the edge of energy bands as it follows from 
Eq. (fTT)) . The sequence of bands and discrete levels de- 
pends on the sign of the contact parameter v s . If v s < 
(contact perturbation corresponds to the quantum well) 
then the bands are located below the level E m and vice 
versa (Fig. 0(a)). All bands merge at v s = and the 
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FIG. 4: (Color online) Dependence of electron energy on 
quasi-momentum for the rings with immediate contact at 
<P2 — <pi = 7r, v 3 — —3. Magnetic flux is (a) $ = 0.2$o, 
(b) <f> = 0.5$o- All minibands degenerate into discrete levels 
when the magnetic flux is a half-integer. 



electron energy spectrum become continuous (Fig.[3la)). 
We note that the band gaps in the spectrum disappear 
only if if2 = 7r and i] = 0. In other cases the gaps are con- 
served in the spectrum even at ideal contacts (v s = 0). 
Small deviation of contacts from the diametrically oppo- 
site points leads to broadening of the discrete levels into 
narrow minibands (Fig. EJb)). 

The surprising result is that the level at E m — em 2 
is conserved in the magnetic field if contacts are placed 
at diametrically opposite points ifi = and (p2 = ft 
(Fig. Ufa)). In this case, all elements of Q-matrix vanish 
at E = E m and Eq. (fT6|) is satisfied for all q. In the mag- 
netic field, the energy bands are shifted and the discrete 
level E m is located in the band gap. The wave function 
corresponding to this level can be found from Eqs. (fTU)) 
and (fTTj) . It vanishes at both contact points and satisfies 
the condition (|T5j) . We note that energy E m — em 2 is 
not an eigenvalue for the Hamiltonian H r of isolated ring 
and therefore there is no smooth functions satisfying the 
boundary conditions in this case. The wave function cor- 
responding to E m = em 2 has a kink either at ip = or 
at ip = 7r. An electron could not be confined on a single 
ring because the corresponding wave function does not 
satisfy the condition (|15p. However the electron could be 
localized on a couple of rings. Assume these rings have 
numbers n and n + 1 then the wave function has the form 



7„e "K¥ ,±ir ) sin(my), j — n, 
fit) = { -j n e- ir >Vsin(m<p), j = n + l, (19) 
0, otherwise. 

Here the "plus" sign corresponds to < <p < it and "mi- 
nus" sign corresponds to 7r < <p < 2n. The degeneration 
degree of the level E m — em 2 in the magnetic field is still 
equal to the number of cells in the structure because the 
states corresponding to electrons localized at two neigh- 
bor couples are orthogonal. 

We note that presence of discrete levels in the gaps 



should have an interesting consequence in photoconduct- 
ing properties of the system. If the chemical potential 
at low temperature is located between the level and the 
miniband then the conductance of the system should be 
increased significantly due to the radiation induced tran- 
sition from the level to the miniband. This phenomenon 
could be used in production of turnable resonance pho- 
todetector. It should be mentioned that specific property 
of discrete levels in the considered superlattice is the large 
degeneration degree which is equal to the number of unit 
cells, in contrast to the well-known impurity levels in the 
band gap with the degeneration degree equal to the num- 
ber of impurities. 

An interesting phenomenon is found at half-integer 
magnetic flux through the ring when the contacts are 
located at diametrically opposite points. All minibands 
are collapsed into discrete levels in this case (Fig. |4Jd), 
and the conductance of the system vanishes. If rj = 0.5 
then Q12 = for all values of E and therefore dispersion 
relation (|T5|) gets the form 



Qjj&sQjj +4) = 0. 



(20) 



It is satisfied if either Qjj = or Qjj = —4/v s . Thus 
there are two type of levels. Levels of the first type are 
given by equation E m — em 2 . Their position is indepen- 
dent of v s . Levels of the second type are determined by 
equation 



tanirkp = —4kp/i 



(21) 



The levels of second type become closer to the levels 
of first type when the coupling between rings decreases. 
When there is no connection between the rings (v s — > oo) 
levels merge with each other and become doubly degen- 
erate. It should be noted that the electron transmission 
coefficient of an individual Aharonov-Bohm ring vanishes 
at half-integer magnetic flux^. 



4. ZIG-ZAG SUPERLATTICE IN A MAGNETIC 
FIELD 

Schematic view of the zig-zag superlattice is repre- 
sented in Fig. [5] At arbitrary magnetic field and arbi- 




FIG. 5: Schematic representation of a Aharonov-Bohm ring 
superlattice with elementary cell containing two rings. 

trary position of contacts two neighbor rings become in- 
equivalent because the system has no inversion symmetry 
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in this case. The unit cell of the superlattice consists of 
two rings. Angles determining the position of contacts 
are marked by letters " L" and " R" in left and right ring 
respectively. We note that angles (pf and (pf are not in- 
dependent. Since the centers of rings are located at two 
parallel lines, the angles satisfy the condition 



^ = 27T - <f$. 



(22) 



We denote by ^((p) an d V^*/ 9 ) the functions in the 




FIG. 6: (Color online) (a) Dependence of electron energy on 
quasi-momentum for zig-zag superlattice without connected 
wires at v s = —2, tp L1 = 37r/4, (p L2 = 57r/4, (a) $ = 0.2$ , 
(b) the same dependence plotted in two Brillouin zones. 

left and the right rings of unit cell respectively. The 
boundary conditions have the form 



2 

i>'M+o)-i>'M-o) 

-W'ttv? + o) - i>%{^ - o) = v^Urf), 
^' +1 (^ + o)-v2' +1 (^-o) 

+V>f + 0) - - 0) = vMrf ). (26) 

Taken into account that the angles ipf and (pf are re- 
lated via condition (|22[) , we can write down the following 
relation for the Green function 



(23) 
(24) 

(25) 



G{rf,rf;E)=G{(pf,(pf;E). 



(27) 



Equation (|27|) allows us to use the Q-function for the only 
one ring (left or right) in our calculations. Then we can 
represent the dispersion relation in the form 



v 2 det Q + 2v s tr Q - 4|Qi 2 | cos 
[ v 2 det Q + 2v s tr Q + 4|Qi 2 | cos 



0(28) 



The dependence of electron energy on quasimomentum in 
zig-zag superlattice is shown in Fig. |5J If the Q-function 



is real then energy bands obtained from Eq. ([28)) coincide 
with the bands obtained from Eq. ([75]). We note that 
each band in Fig. [HJa) is formed by two branches which 
are crossed at ql — ±tt. The kink on dispersion curve 
at ql = ±7r can be removed if we consider the second 
Brillouin zone (Fig. [5]). 

One can see in Fig. [5] the discrete level at E = 16e. In 
agreement with the previous section the level presents in 
the spectrum at (p% = nir/A with integer n independently 
on the value of magnetic field because the wave function 
given by Eq. (fT8")l vanishes at both contact points. 



5. RINGS CONNECTED BY WIRES 

Let us consider the superlattice constructed of rings 
connected by wires. Dispersion relation for the system is 
given by Eq. (|13l) . We will start from the simplest case 
of diametrically opposite contacts. The dependence of 
energy on quasimomentum for this case is represented in 
Fig. [71 One can see the discrete levels corresponding to 
localized electron. In contrast to the case of immediate 
contacts some of the levels are immersed in minibands. 
That means the localized and delocalized states exist at 
the same quasi-momentum. The wave function corre- 
sponding to the localized states vanishes in connecting 
wires and has the form of Eq. (|18|) in rings. The wave 
function corresponding to delocalized state is obtained 
from Eqs. (p~0|) and ([TTj) and could be written as follows 



^ (</?) = 7i cos(m^) ± 72 sin(m<p), 



(29) 



where the sign is determined in the same way as in 
Eq. (|19[) . In wires the wave function of delocalized states 
is given by Eq. © . The presence of magnetic field leads 
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FIG. 7: (Color online) (a) Dependence of electron energy on 
quasi-momentum at ip2 — f\ = n, a = 0.2p, v — —2 and 
$ = 0. (b) The same dependence at $ = 0.1$o. 

to broadening of the discrete levels located in the gaps 
into narrow minibands (Fig.[JJb)). If the band is crossed 
by the discrete level at zero magnetic field then the mag- 
netic field leads to appearing of the gap in the vicinity of 
the level position (Fig. [TJb)). 
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With the increase of the length of connected wires the 
number of bands at fixed interval of energy increases be- 
cause of the enlarged period of the structure (Fig. EJa)). 
The energy bands become narrower and shift to higher 
energies with increase in the perturbation strength v 
(Fig. EJb)). As might be expected, the energy spectrum 
of the system tends to spectrum of isolated rings in the 
limit «->oo. We note that in the case of rings connected 
by wires energy gaps are conserved in the spectrum even 
at v = 0. 
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FIG. 8: (Color online) Dependence of electron energy on 
quasi-momentum at ipi — (pi — it, $ = and a = 4p, (a) 
v = 2, (b) v = 20. 

If the wires are connected at non-opposite points then 
discrete levels are transformed into narrow minibands 
(Fig. Eta)) similarly to the case of rings with immediate 
contacts. The dependence of energy on quasi-momentum 
is asymmetric in the magnetic field at non-opposite con- 
tacts because the system has no inverse symmetry in this 
case. The minimum value of the conducting band and the 
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FIG. 9: (Color online) Dependence of electron energy on 
quasi-momentum at v = 2, a = 2p, ip2 — <fii = 0.957T, (a) 
$ = 0; (b) $ = 0.2*o- 

maximum value of the valence band can be located at 
different points of the Brillouin zone (Fig. EJb)). There- 



fore indirect miniband structure can be obtained in the 
system. This band structure is interesting in relation to 
photogalvanic effect because the intersubband photon ab- 
sorbtion in such superlattice could be used for generation 
of the photocurrent. 



Conclusions 

We have studied the electron energy spectrum and 
zero-temperature conductance of one-dimensional super- 
lattice made of Aharonov - Bohm rings connected by 
one-dimensional wires. We have found that nanorings 
in the magnetic field provide very wide possibilities to 
construct superlattices with various miniband structures. 
According to our analysis the energy spectrum has band 
structure without band crossings. Consequently the con- 
ductance of the system does not exceed one conductance 
quantum. The band gap width depends on the coupling 
between the rings, the position of contacts, the length of 
connecting wire and the value of external magnetic field. 
As might be expected the width of gaps increases with 
decrease in coupling strength between the rings and vice 
versa. 

An interesting result is the presence of discrete en- 
ergy levels in the gap or even in the band. These levels 
are originated from the double-degenerated eigenvalues of 
the isolated ring Hamiltonian H r . We have found the con- 
ditions for appearance and disappearance of the levels. In 
particular, discrete levels exist in the spectrum of super- 
lattice if the rings have immediate contacts between each 
other at diametrically opposite points. In this case, the 
levels are situated at the edge of the bands and the gaps. 
At non-zero magnetic field the levels are conserved in the 
spectrum but they are moved into the band gap. The lev- 
els are transforms into narrow minibands if the contacts 
arc shifted from the diametrically opposite points. If the 
rings are connected by wires then the levels exist only at 
diametrically opposite contacts and zero magnetic field. 
Small magnetic field leads to broadening of the levels into 
narrow bands. The levels are degenerated with the de- 
generation degree equal to the number of rings in the su- 
perlattice. The wave function corresponding to the level 
may be chosen as the bound state localized on the single 
ring or on the couple of neighbor rings. Electrons occu- 
pying the level have zero velocity and do not contribute 
to the charge transfer. In the case of diametrically oppo- 
site contacts and half-integer magnetic flux through the 
ring all energy bands are degenerated into discrete lev- 
els and perfect electron localization occurs. If the wires 
are connected to the rings at non-diametrically opposite 
points then the dependence of electron energy on quasi- 
momentum becomes asymmetric in magnetic field since 
the reversal symmetry of the system is broken. This phe- 
nomenon should result in photogalvanic effect based on 
interminiband transitions. We note that presence of dis- 
crete levels in the spectrum provides interesting possibili- 
ties of application the superlattice as photodetector with 
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